In the 1980s Böcherer formulated a conjecture relating the central value of the quadratic twists of the spinor L-function attached to a Siegel modular form F to the coefficients of F . He proved the conjecture when F is a Saito-Kurokawa lift. Later Kohnen and Kuss gave numerical evidence for the conjecture in the case when F is a rational eigenform that is not a Saito-Kurokawa lift. In this paper we develop a conjecture relating the central value of the quadratic twists of the spinor L-function attached to a paramodular form and the coefficients of the form. We prove the conjecture in the case when the form is a Gritsenko lift and provide numerical evidence when it is not a lift.
Introduction
Conjectures about central values of L-functions abound; for example the Conjecture of Birch and Swinnerton-Dyer predicts that the order of vanishing of the central critical values of an elliptic curve L-functions is equal to the rank of the elliptic curve's Mordell-Weil group. Finding an asymptotic formula fo V E (x), the number of quadratic twists by discriminant d ≤ x of an elliptic curve E with vanishing central value, might provide some insight into how often the twists of E have rank at least 2.
Sarnak has predicted the asymptotic size of this count based on formulas of Waldspurger [19] and Kohnen-Zagier [10] which relate the central value of the quadratic twists of an elliptic curve L-function to squares of Fourier coefficients of half-integral weight modular forms. These formulas have been used (e.g., in [5] ) to give more refined conjectures as to the asymptotic size of V E (x). They can also be used to compute a large number of central critical values of twisted L-functions as, generally, computing coefficients of a form is easier than computing the central critical values of an L-function. Moreover, since the Fourier coefficients are integral, the computation allows one to determine exactly whether or not there is a vanishing as there will be no error introduced by rounding.
In the 1980s and 1990s similar formulas were conjectured for Siegel modular forms. In [3] a conjecture was formulated relating central critical values of quadratic twists of spinor L-functions associated to a Siegel modular form F of full level and sums of coefficients of F . The conjecture when F is a Maass lift was proved in [3] . Numerical evidence for the conjecture when F is not a Maass lift was provided in [11] for rational eigenforms of level 1 and weight up to 26, and only recently for higher weights and non-rational eigenforms in [13] . For modular forms of (squarefree) level N > 1 the conjecture has been proved in [2] in the case when the form is a Yoshida lift.
In what follows we investigate a version of Böcherer's Conjecture in the setting of paramodular forms. Paramodular forms are similar to Siegel modular forms on Sp(4, Z) in that they are multivariate modular forms on a group of rank 4. Recently they have been studied in the context of the Paramodular Conjecture which identifies the spinor L-functions of certain paramodular forms with the Hasse-Weil L-functions of certain abelian surfaces [12] , [4] .
We give evidence for our generalization of Böcherer's Conjecture in two ways: first, we prove the conjecture when the form is a Gritsenko lift and, second, we verify the conjecture computationally in a number of cases. For a fundamental discriminant D < 0 coprime to the level, our conjecture takes the form
where F is a paramodular form, C F > 0 is a constant that only depends on F , and A(D) is an average of the coefficients of F . It turns out that computing the Fourier coefficients of such an F is computationally very expensive: we use data from [12] to compute the right-hand side of the formula. For the left-hand side, however, the data of [12] yield at most the Euler factors at the primes 2, 3, 5, 7 and, in some cases, 11. In particular, in all cases the first L-series coefficient that is unknown is less than 17. In order to compute central critical values to any reasonable precision, we do not have enough coefficients. Instead, we assume the Paramodular Conjecture and compute central critical values L(F, 1/2, χ D ) for many D by computing the central critical value of the corresponding Hasse-Weil L-functions and showing that, numerically,
for the D for which we have data. The constant C F is computed from the formula applied to the smallest possible |D|. The paper is organized as follows. In the rest of this section we define all the terminology and notation needed to understand the conjecture. In the following section we prove the conjecture for paramodular forms that are lifts. In the third section we describe our experimental results. The fourth section deals with the case when the form F is in the minus space with respect to the Atkin-Lehner operatorthe conjecture holds in the case but some interesting computational phenomena arise. We conclude with tables reporting the data we generated.
Notation
The main objects of study in this paper are paramodular forms of prime level p and their L-functions.
Let R be a commutative ring with identity. The symplectic group is Sp(4, R) := {x ∈ GL(4, R) : x ′ J 2 x = J 2 }, where the transpose of matrix x is denoted x ′ and for the n × n identity matrix I n we set J n = 0 In −In 0 . When R ⊂ R, the group of symplectic similitudes is GSp
where * ∈ Z.
Modular Form Notation
Let
The complex vector space of paramodular forms of degree 2, level p and weight k is the set of holomorphic F :
for all γ ∈ Γ para [p] and such that for all positive definite Y 0 and for all γ ∈ Sp(4, Z), F |γ is bounded on {Z ∈ H 2 : ℑZ > Y 0 }. We denote the space of paramodular forms by
we define the Siegel Φ-operator as Φ(F )(Z) := lim λ→∞ F iλ 0 0 Z and the space of cusp forms S k (Γ para [p]) as the space of all paramodular forms so that F | γ ∈ ker Φ for all cusps γ.
By the Köcher principle, every
) has a Fourier expansion of the form
is the congruence subgroup of SL(2, Z) with lower lefthand entry congruent to 0 mod p.) Moreover, cusp forms are supported on the positive definite matrices in p X 2 . The space S k (Γ para [p]) can be split into a plus space and a minus space. Define an operator
L-function Notation
Following Andrianov [1] , one can define operators T (n) in terms of double cosets. Specifically, using [9] , one can define the action of the operator
Suppose we are given a paramodular form
where the local Euler factors are given by
for q = p, and L p (X) has a similar formula but of degree 3 (this will be investigated further by the first author in future work).
As our computations are in weight 2, we will compute the L-series of a paramodular form of prime level by assuming the following conjecture.
Conjecture 1.1 (Paramodular Conjecture). Let p be a prime. There is a bijection between lines of Hecke eigenforms
F ∈ S 2 (Γ para [p]) that
have rational eigenvalues and are not Gritsenko lifts and isogeny classes of rational abelian surfaces A of conductor p. In this correspondence we have that
We remark that it is a conjecture that the two L-series mentioned above have an analytic continuation and satisfy a functional equation.
In order to compute central values we need the Selberg data for the L-function:
• we complete L(s) by multiplying it by some Γ-factors of the form
and an exponential factor A s ; i.e., L * (s) := A s γ(s)L(s) and we need λ 1 , . . . , λ d and A; and • we require that L * (s) satisfies a functional equation of the form
We note that we use the analytic normalization s → 1 − s and that the factor γ(s) is not unique as it can be rewritten using the duplication formula.
A table in [6] summarizes the data that we use: in particular, as we have a degree 4 L-function attached to a paramodular form of weight 2 and level p (that corresponds to an abelian surface isogenous to a curve of genus 2) we have
so that conjecturally
In our case, most of the Selberg data for the L-function is expected to be the same as the data for the non-twisted L-function, except for the exponential factor and the sign of the functional equation. For instance, assuming p ∤ D, the exponential factor increases by a factor of D 2 and the sign of the functional equation is changed by a factor of 
Gritsenko Lifts
A Gritsenko lift [8] is a paramodular form that comes from a Jacobi form. The standard reference for Jacobi forms is [7] . We summarize the relevant terminology here. Definition 1.2. A Jacobi form of level 1, weight k and index m is a function φ(z, τ ) for z ∈ H 1 and τ ∈ C such that:
c(n, r)q n ζ r .
Our first main theorem is the proof of Conjecture 1.4 for Gritsenko lifts and so we make the following definition:
We remark that it also makes sense to talk about Grit(f ) where f is a modular cuspform of level p, in the minus space and weight 2k − 2 that corresponds to a φ ∈ S k,p (this can be done via the inverse of the map constructed in Theorem 5 of [16] ).
Summary of Main Results
We define
We often write A(D) when F is obvious from context. Our main goal is to give evidence for the following conjecture
where C F is a positive constant that depends only on F , and ⋆ = 1 when p ∤ D, and
The evidence we provide is in two forms. First, we prove the conjecture in the case that the form is a Gritsenko lift:
+ where p is prime and f is a Hecke eigenform of degree 1, level p and weight 2k−2. Then there exists a constant C F > 0 so that
for D < 0 a fundamental discriminant, and ⋆ = 1 when p ∤ D, and ⋆ = 2 when p | D.
The idea of the proof is to combine four ingredients: (i) the factorization of the L-function of the Gritsenko lift as in [15] , (ii) Dirichlet's class number formula, (iii) an explicit description of the Fourier coefficients of the Gritsenko lift and (iv) Waldspurger's theorem relating the central values of quadratic twists to sums of coefficients of modular forms of half-integer weight [19] .
Second, we verify the conjecture computationally in a number of cases. The computations we do are based on [12] and [18] . On the one hand, [12] provides Fourier coefficients for all paramodular forms of prime level up to 600 that are not Gritsenko lifts and on the other [18] provides most of the curves that correspond to the paramodular forms. Armand Brumer kindly provided a curve that was not in [18] but corresponds to one of the paramodular forms in [12] . By matching levels of modular forms and discriminants of hyperelliptic curves we show the following complement to Theorem 1.5. Suppose F ∈ S 2 (Γ para [p]) + for p a prime less than 600 is not a Gritsenko lift. Then, numerically, there exists a coefficient C F > 0 so that
for D < 0 a fundamental discriminant listed in Tables 2-8 .
Note that in case
= −1 the twisted central value is expected to be zero due to the sign of the functional equation being −1, and on the right hand side the average A(D) is an empty sum. For this reason, we exclude these discriminants from our computation.
The Case of Lifts
for any r ∈ Z such that r 2 ≡ D (mod 4p). We let c * (D) := 0 otherwise. Proof. We start by noting that #{U ∈ Γ 0 (p) :
. The lemma then follows from the fact that
Proof. By the definition of the Gritsenko lift, we know that
provided T is primitive; this is always the case when disc T = D is a fundamental discriminant. Thus
The result follows from the lemma.
(1) L(F, s, χ D ) has an analytic continuation to an entire function.
Proof. It is a standard fact that L(F, s) = ζ(s + 1/2) ζ(s − 1/2) L(f, s) (using the analytic normalization, so that the center is at s = 1/2). Twisting by χ D we obtain
valid on the region of convergence. Since the right hand side has an analytic continuation, (1) follows. To prove (2), we evaluate the above equation at s = 1/2, and use the Dirichlet class number formula for L(0, χ D ) and L(1, χ D ).
Proof of Theorem 1.5. By Waldspurger's formula [19] , we have
with k f > 0. The theorem thus follows directly from Proposition 2.2 and part (2) of Proposition 2.3.
The Case of Nonlifts
In this section we describe numerical experiments that support Conjecture 1.4 in the case when the form is not a Gritsenko lift. We discuss how to compute the L-series that correspond to paramodular forms of weight 2 and prime conductor p < 600. For the rest of this section, let F be such a form. In order to compute the central values L(F, 1/2, χ D ) for several twists χ D we would need a large number of coefficients of F since the exponential factor grows as D 2 . As already mentioned in the introduction, the data in [12] are not enough for this purpose.
To remedy this we do the following. In the same paper [12] , Poor and Yuen describe and verify Conjecture 1.1. For our purposes, this conjecture asserts that to compute the L-series of F , we can compute the Hasse-Weil L-series of a related Abelian surface A. In particular, Table 1 associates each F to a hyperelliptic curve C isogenous to A. There are two forms of level 587 that are nonlifts; one is in the plus space the other is in the minus space (see Section 4) . By the Paramodular Conjecture, then, the L-function of the curve C of conductor p is equal to the L-function corresponding to the paramodular form F of level p. Thus, we compute the L-function by counting points on the curve. In computing the L-function of F in this way, we provide evidence for the Paramodular Conjecture as well. Since the Paramodular Böcherer's Conjecture is verified for the L-function of F computed via this correspondence, it strongly suggests that the Hasse-Weil and spinor L-functions agree. Table 1 . Hyperelliptic curves C used to compute L-series associated to paramodular forms of level p that are not lifts.
Assuming Conjecture 1.1, we compute the L-series for F by counting points on its corresponding C. The reciprocal of the q-th Euler factor of L-series in (1.1) for q = p, specialized to k = 2 is of the form
Writing the Euler factor as L q (X) −1 = i≥0 a(q i ) X i and matching it up with the Hasse-Weil L-series allows us to conclude
where N 1 is the number of points on C over F q and N 2 is the number of points on C over F q 2 . We determined N 1 and N 2 by counting points on C using Sage [17] . The p-th Euler factor of C is of degree 3 and given by
where ǫ and λ for each C are given in Table 1 . Having all the local Euler factors, we computed the central value of the Lfunction and its quadratic twists using Mike Rubinstein's lcalc [14] .
We recall Conjecture 1.4
where the constant at C F is positive. In Tables 2-8 the Conjecture is verified in the case of forms that are not Gritsenko lifts and have been computed in [12] . We 2 . All the computations described above were done using an eight core Xeon E5520 system. Computing the first 10 6 coefficients of the Hasse-Weil L-series for the eight curves took a total of about 60 cpu-days using a combination of Sage and custom code written in Python and Cython. Computing the central values of the L-functions and their quadratic twists for the discriminants with |D| < 200 took less than 1 cpu-hour using lcalc. with discriminant D for which a(Twin(T ); F ) = a(T ; F | µ). Since we are in the minus space
The minus space
On the other hand, the formula of Conjecture 1.4 fails to hold in case
is an empty sum for this type of discriminants, the right hand side of the formula vanishes trivially. However, the left hand side is still an interesting central value, not necessarily vanishing. For example, as can be seen in Table 9 we have for the nonlift in
|D| seems to always be the square of an integer, and frequently nonzero, in spite of A(D) being zero. In a future paper we will investigate this phenomenon. Table 3 . Data for the paramodular form of level 349, based on the Hasse-Weil L-series for the curve 
